We study the irreducible unitary highest weight representations, which are obtained from free field realizations, of W infinity algebras (W ∞ , W 1+∞ , W
1 Introduction [7] , which is an extension of W 1+∞ and contains the SU(N) current algebra. We will change the notation su(N) [8] . In this paper we will construct a new superalgebra W Given an algebra which generates the symmetry of a model, it is important to develop its representation theory to find what fields appear in the model. The success of the representation theory of the Virasoro algebra is a good example [9] . In spite of difficulties due to the non-linearity, the minimal representations of the W N algebra have been studied in detail by using the free field realization of Feigin-Fuchs type or the coset model of affine Lie algebras [1, 10] . Although W infinity algebras are linear algebras and their structure constants are explicitly known, their representation theories have been studied very poorly [11, 8] . In this paper we will initiate the study of representation theories of W infinity algebras and construct their unitary representations based on free field realizations.
Our methods to study representation theories are as follows. First we prepare a free field realization of the W infinity algebra and its Fock space. In the Fock space, we try finding all the highest weight states (HWS's) of the subalgebra (an affine Lie algebra or the Virasoro algebra), whose generators have the lowest spin. Next we check these states are also the HWS's of the whole W infinity algebra. To compute the characters of W 1+∞ and W N 1+∞ , we use the character formulas of the affine Lie algebras and the fact that the generators of W 1+∞ and W N 1+∞ do not change the U(1) charge. For W ∞ and W M ∞ , we use the facts that the generators of the W infinity algebras are represented in terms of bilinears of the free fields and they preserve a certain quantum number. For super cases, we use the results of bosonic cases and the spectral flow invariance. The Witten index is also computed.
The organization of this paper is as follows. In §2 we construct a new superalgebra 
Algebras and Free Field Realizations
We will define a new extended superalgebra W 
1 As usual, the mode expansion of a field A(z) of conformal weight h is A(z) = A n z −n−h , where the sum is taken over n ∈ Z − h for the Neveu-Schwarz (N S) sector, n ∈ Z for the Ramond (R) sector. 
V 0 (z) andṼ 0 (z) are the Virasoro generators with central charge c andc respectively.
contains the U(N) current algebra, which is generated by
where
k is the level of su(N) and K stands for a normal- 
2 This definition is slightly different from [7] . 3 q is a deformation parameter and we can take it to be an arbitrary non-zero constant(e.g., q = 1 4 ). This q has nothing to do with q = e 2πiτ appearing in the characters.
[
The structure constants [3, 4, 5, 6, 7] are
and
where 
In the case of W M,N ∞ , the Jacobi identity requires 
The Cartan subalgebra of W M,N ∞ is generated by
The HWS of W M,N ∞ in the NS sector is defined by
and, in the R sector, we require one more condition:
The HWS's of other W infinity algebras are defined in a similar way.
contains a current algebra, there exists an automorphism, so called spectral flow [12] . Namely (anti-)commutation relations are invariant under the transformations of the generators. Explicit forms of the transformation rules are essentially the same as W 1,N ∞ [7] . Due to this property, representations in the R sector and those in the NS sector have one-to-one correspondence. We define the representations in the R sector as those mapped from the NS sector by the spectral flow with η = 1 2
. Then we can show |hws R = |hws N S , because
Operator product expansions of the free fields arē
Generators of W M,N ∞ are represented in terms of bilinears of the free fields [4, 5, 6, 7] :
where the normal ordered product of two fields A(z) and B(z) is defined by (AB)(z) = 
because eq. (34) are invariant under this transformation. The transformation rules that will be needed later are
The vacuum states of the fermion and boson Fock spaces, |0 and | p, p , are defined We first consider the representations of W 1+∞ with c = 1 realized by one complex free fermion. We remark that the Virasoro generator V 0 (z) agrees with the Sugawara form ofû(1) current. For each integer n, we can find the HWS of the subalgebraû (1) contained in the fermion Fock space, and we denote them as
These states are well known in Sato theory [13] . We can check that |n is not only the HWS ofû(1) but also the HWS of W 1+∞ . The conformal weight h n and U(1) charge
Although the eigenvalues of the higher-spin generators are easily calculated, we omit them here.
Since the dependence on the eigenvalues of higher-spin generators are very complicated, we consider the characters which count conformal weight and U(1) charge only:
where q = e 2πiτ (Imτ > 0) and z = e iθ . Since W 1+∞ containsû(1) as a subalgebra, the representation of W 1+∞ has more states than one ofû (1) . On the other hand, the representation of W 1+∞ has less states than the Fock space with the fixed U (1) charge, because generators of W 1+∞ do not change U(1) charge. These statements are expressed in terms of characters as follows:
where A ≤ B means B − A is a q-series with non-negative coefficients. In general, the character formula ofû(1) K with U(1) charge Q is
On the other hands, the generating function of χ
Due to the Jacobi's triple product identity, we have χû
we obtain the character formula of W 1+∞ ,
Next we consider the representations of W N 1+∞ with c = N realized by N complex free fermions. We use the same techniques as W 1+∞ case. We remark that, in the case of level k = 1, the Virasoro generator V 0 (z) agrees with the sum of the Sugawara form ofû(1) N and su(N) 1 [14] . For each integer n, there exists the HWS of su(N) 1 , and we denote them as
where we express n as n = Nm + a, (m ∈ Z ; a = 0, 1, · · · , N − 1). |n is the HWS of the a-th rank antisymmetric representation of su(N) 1 . The state |n is also the HWS of W N 1+∞ . The conformal weight h n and U(1) charge Q n are
The first and second factors of h n are contributions fromû(1) N and su(N) 1 respectively.
Neglecting the dependence on the eigenvalues of higher-spin generators, we consider the characters which count conformal weight, U(1) charge and eigenvalues of SU(N),
where a ≡ n(mod N), 0 ≤ a ≤ N − 1. The character ofû (1) is given by eq. (45), and the character formula of su(N) 1 is given by [15] 
where Λ R is a root lattice of su(N), and (1 + zz
where z j = e iθ j , z 0 = z N = 1, and a ≡ n(mod N). This identity is proved by the Jacobi's triple product identity.
Representations of W ∞ and W M ∞
We first consider the representations of W ∞ withc = 2 realized by one complex free boson. In the boson Fock space, the HWS's of the Virasoro generatorṼ 0 (z) are classified into two classes: continuous series, whose momentum can be changed continuously, and discrete series, whose state exists for each integer n,
We can check that these states are the HWS's of W ∞ . Their conformal weights are
Neglecting the dependence on the eigenvalues of higher-spin generators, we consider the characters which count conformal weight only,
SinceṼ i n contains the termsᾱ 0 α n andᾱ n α 0 , and the momentum p is non-zero for the continuous series, the set of generatorsṼ i n is identified with the set of oscillators α n , α n . Therefore the character formula of the continuous series of W ∞ is
This result was first derived by Bakas and Kiritsis, using the Z ∞ parafermion [11] .
For the discrete series,ᾱ 0 α n andᾱ n α 0 are acting on the state as 0. So, the number of the states of the discrete series is less than one of the continuous series. 
From this, the character formula of the discrete series of W ∞ is expressed as
The relation between continuous and discrete series is 
The degeneracy of the ground states are 1 and
respectively. The conformal weights are
The characters which count conformal weight only, are defined by
The character formula of the continuous series of
The generating function of the character formulas of the discrete series is
The first and second factors of the tensor product are eqs. (54,55) and eq. (41) respectively. Their conformal weight h and U(1) charge Q are
Neglecting the dependence on the eigenvalues of higher-spin generators, we consider the characters which count conformal weight and U(1) charge only,
V i n contains the termsᾱ 0 α n andᾱ n α 0 , and G i n andḠ i n contain the termsᾱ 0 ψ n and α 0ψn . For the continuous series, the momentum p is non-zero, so the set of generators of W
1,1
∞ is identified with the set of oscillators ψ n ,ψ n , α n ,ᾱ n . Therefore the character of the continuous series is
where we define f K,Q (θ, τ ) as
For the discrete series, B|n = n|n , and the generators of W ∞ , we obtain all the oscillators of the formψ n ψ m ,ᾱ n ψ m , α nψm ,ᾱ n α m . From these two facts, the generating function of the characters of the discrete series is
From this equation, the character formula of the discrete series is
The relation between continuous and discrete series is
Since W
∞ is a superalgebra, we must consider the R sector also. By using the spectral flow, the character of the R sector is expressed in terms of the character of the NS sector:
Explicitly they are
The conformal weight h R and U(1) charge Q R in the R sector are
) n = 0
The ground states are singlets for n = 0, −1, and doublets for others.
In order to study whether a supersymmetry exist or not, and if it exists, whether it is broken or unbroken, we define the Witten index:
where F is the fermion number, and trace is taken over the representation space of the R sector. By using the property of the spectral flow and the fact that the fermion numbers of the generators of W
∞ agree with their U(1) charges, the Witten index is expressed as follows:
For representations n = 0, −1, the Witten indices are
For other representations, the Witten index vanishes. Therefore there exists a (N = 2) supersymmetry for all representations and it is broken for n = 0, −1. 
The first and second factors of the tensor product are given by eqs. (62,63) and eq. (48) respectively. Their conformal weight h and U(1) charge Q are
The character formula of the continuous series is
(1 + zz
The generating function of the characters of the discrete series is
(1 + tzz
From this, the character formula of the discrete series is
By using the spectral flow, the character of the R sector is expressed in terms of the character of the NS sector:
where, in the second equation, a ≡ ℓ (mod N). The conformal weight h R , U(1) charge Q R and the degeneracy of the ground states in the R sector are
By using the property of the spectral flow and the fact that the fermion numbers 
For the continuous series, the Witten index vanishes for all M, N. Therefore, for the continuous series, there exists a supersymmetry, and it is unbroken.
In the case of the discrete series with M = N, the Witten index is not a number but a q-series. Namely, at excited state, the number of bosonic states does not agree with one of fermionic states. Therefore a supersymmetry does not exist in the discrete series 
and a supersymmetry is broken. For other representations, the Witten index vanishes and a supersymmetry is unbroken.
Discussion
In this paper we have studied the irreducible unitary highest weight representations of W infinity algebras, which are obtained from free field realizations, and derived their character formulas. We have also constructed a new superalgebra W Although our representation theory is a restricted one, we have obtained the character formulas. It is interesting to apply these character formulas to models with W infinity symmetry, for example [17] , integrable non-linear differential equation systems such as the KP hierarchy and the Toda hierarchy, four dimensional self-dual gravity [18] , Virasoro (W ) constraints on the partition function of the multi-matrix model [19] , and W infinity gravity [20, 21] . The modular properties of the characters are also subjects of future research.
Finally, we mention the anomaly-free conditions. In refs. [22, 23] , the anomalyfree conditions for W ∞ , W 1+∞ and W 
